for 0 t min T; T ], where C 1 e !T = !=4. From 16 , and we obtain from (7) and (8) by the de nition of T . However, this is impossible since it would contradict the de nition of T in (13). Now, we may prove our main result. without any extra assumptions. A similar argument has also been used in 5].
In fact, in Theorem 1, we show that the linear operator E 00 (a; ) has a negative direction, then the vortex is dynamically unstable in H 1 norm.
Lemma 1 Let v(t) be a solution of the full Maxwell-Higgs system (6).
Assume kv(0)k H 2 + kv t (0)k H 1 C 0 ; (7) kv(t)k H 1 + kv t (t)k 2 C 0 e t ; (8) for 0 t T, where > 0 and C 0 is independent of t. Then 
Here, E 00 (a; ) denotes the second order variation of (2) where 1 k 2, and we have an implicit sum over 1 j 2.
Ever since the construction of these stationary radially symmetric vortices, their stability against initial perturbations with the same charge has been an interesting problem for both mathematicians and physicists. In a classical paper of B], the question of stability was addressed by numerical and formal analysis. The study of the linear operator E 00 (a; ) indicates that for 1 and all charges n the vortices are linearly stable. On the other hand, for > 1 and jnj 2, the vortices are linearly unstable. Unlike in the nite dimensional dynamical system, the passage form linear growing modes to a genuine nonlinear instability in an in nite dimensional PDE is quite delicate. This is due to the possible presence of the continuous spectrum for the linearized operator and to severe high order perturbations arising from the nonlinearity.
In previous works ( 4] and 1]), the dynamical instability of vortices with large coupling constant was proven in the norm kfk X = kfk H 1 (R 2 ) + kfk 1 : The k k 1 was needed to control the H 2 growth estimate.
In this work, we improve the passage from linear instability to nonlinear dynamical instability in the more natural H 1 norm by a re ned bootstrap argument. Let the initial perturbation be of the (4) where, in the last expression we used the Einstein convention for summing over repeated indices (we will continue to do so below). Here, A is now the electro-magnetic potential { it has also an electric potential component A 0 . We denote partial derivatives by @ = @ x , for = 0; 1; 2. Then, since F = @ A ? @ A ; for 0 ; 2, the electric eld is given by F 0j , j = 1; 2, and ?F 12 is the magnetic eld. We denoted covariant derivatives w.r.t. Dynamical stability is then investigated using the Maxwell-Higgs system, which can be written as Solutions of (1) 
There is a vortex number (charge) associated with every nite energy solution of (1). It can be de ned as
This number, which is always an integer, has a topological meaning { it is the winding number of the Higgs eld (see, for instance, 7]).
In the early seventies, Nielson and Olesen ( 8] ) interpreted the nite energy solutions of (1) as string-like eld con gurations and, soon after, a family of topologically non-trivial solutions (one for every integer value of the topological degree n and positive real value of the parameter ) was constructed mathematically by Berger and Chen ( 2] ) and Plohr ( 9] ). In polar coordinates (r; ) 2 R 2 these radial solutions (a; ) are of the form a(r; ) = a 1 dx 1 + a 2 dx 2 = nS(r)d ; (r; ) = R(r)e in ; (3) where n 2 Zand > 0 are arbitrary. Here r = p (x 1 ) 2 + (x 2 ) 2 and = tan ?1 x 2 x 1 . For studying the dynamics, one should consider the action on the Minkowski space-time R 1+2 (we add the time coordinate, t, which will also be denoted by x 0 ), with a metric g ; ; = 0; 1; 2; with signature (?; +; +). The action is then given by (see 7] 1.9a) and b)) Dynamical Instability of Symmetric Vortices.
Lu s Almeida (1) and Yan Guo (2) (1) 
Abstract
Using the Maxwell-Higgs model, we prove that linearly unstable symmetric vortices in the Ginzburg-Landau theory are dynamically unstable in the H 1 norm (which is the natural norm for the problem).
Keywords: Ginzburg-Landau, radial vortex, Maxwell-Higgs, dynamical instability, growing mode.
In this work we study the dynamic instability of the radial solutions of the Ginzburg-Landau equations in R 2 , (1) where : R 2 ! C is the Higgs eld, or condensed wave function (j j 2 is proportional to the local density of Cooper pairs), and A is the
